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Abstract: In the teaching tetrahedron geometry, we often meet similar properties to those of

the triangle and that is why it is good to emphasize and use this analogy. The result will develop
in students not only the functional thinking, but also the analog thinking.
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1. INTRODUCTION

While the triangle is determined by three non-collinear points, the tetrahedron is

defined by four non-coplanar points. In the following we will make a brief, but very
useful parallel between the two geometric notions.

2. PARALLEL BETWEEN TRINGLE AND TETRAHEDRON

We will follow Table 1, where we will find the properties of the triangle and

tetrahedron:

Table 1.

No.

TRIANGLE

TETRAHEDRON

Area = B—h
2

A, h

Volume =

The center of gravity in the
triangle is distanced at 1/3 from the
base and 2/3 from the peak.

The center of gravity in the tetrahedron is
distanced at 1/4 from the base and % from the
peak.

The center of the inscribed circle
in the triangle is determined by the
intersection of  bisectors  and

S . . .
r = — where r is radius of the circle,
P
Sis  the area and pis  the
semiperimeter of the triangle.

The center of the inscribed sphere in the
tetrahedron is determined by the intersection of
bisecting planes of the dihedral angles and

r :%where r is radius of the sphere, Vis the

volume and Sis the total area of the tetrahedron.

The center of the circumscribed
circle of the triangle is determined
bythe intersection of perpendicular
bisectors.

The center of the circumscribed sphere of the
tetrahedron is determined by the intersection of
the median planes of tetrahedron edges.
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5. In an equilateral triangle the three In a tetrahedron with equiareal faces the four
medians have equal lengths. medians have equal lengths.

6. In an equilateral triangle the three In a tetrahedron with equiareal faces the four
altitudes have equal lengths. altitudes have equal lengths.

7. Triangle angle bisector theorem: Dihedral angle bisector theorem in

A bisector of an angle of a tetrahedron:
triangle divides the opposite side in A bisector half-plane of an dihedral angle in
two segments that are proportional to | tetrahedron divides the opposite edge in two
the other two sides of the triangle. segments that are proportional to the other two
surfaces of the dihedral angle.

8. Cathetus theorem in the right An analogue of the Cathetustheorem in the
triangle ABC with m(AA) =90°and tetrahedron VABC , with VALVB LVC 1 VA
AD 1 BC: AB” = BC-BDand and AH 1 (ABC):
similars. Anvis = Aype * Aypys andsimilars.

9. The right triangle altitude An analogue of the right triangle altitude
theorem in the right triangle theorem 1in the tetrahedron VABC , with
ABCwith m(£4)=90"and VALVB 1LVC 1VA and AH 1 (ABC):

AD 1 BC: AD* = DC - DB and AZVCD = Aycap * Asuse = Aacep - Asnac andsimil
similars. ars.

10. Pithagorean theorem in the right An analog of the Pithagorean theorem in an

triangle ABC with m(£4)=90":
BC? = AB* + AC”?

tetrahedron VABC , with VA1 VB LVC 1 VA
and AH 1 (4ABC):

2 42 2 2
Ayipe = Ajyap + AAVBC + Ayyea

two surfaces of the dihedral angle).(FIG. 1.)

In the following there will be proved some of the theorems presented in the previous
table. The numbering will be kept and it will only refer to the theorems of the tetrahedron.
Now we will prove 7. from the Table 1. (A bisector half-plane of an dihedral angle in
tetrahedron divides the opposite edge in two segments that are proportional to the other

FIG. 1.

Let be E the point where the bisector half-plane intersects the opposite edge of the
tetrahedron and EL | (BCD),EH 1 (ABC). Because (BCE) is the bisector-half plane, the
distances to the faces of the dihedral angle are the same, therefore EL = EH .

Sy EL S pcEH

VDBCE - >" ABCE — 3
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SBCD -EL
Vosce _ 3 _ Sscp EL _ Ssep (1)
Visce Suc EH S e EH S 5
3

Let DI L (BCE),AK L (BCE). Therefore DI”AK . We will prove that /,E,K are

collinear. Let 3 = (DI, AK) From E € AD < fand E € (BCE)= E e  n (BCE).
But I,K € SN (BCE)andthen I,E,K € N (BCE), so they are collinear.
Volumes of the two tetrahedrons can also be expressed by:

Scpe - DI
Sepg - DI Sepe - AK  V, 3 DI
v _ Pce 7 Vv _ PCBE , DBCE _ _ o)
DBCE 3 ABCE 3 VABCE SCBE “AK T 4K 2)
3
From DI|AK => ADIE ~ AAKE = ol _I _DE 3)
AK KE AE

And from (1),(2)si 3)= Ssep _ DE
S s AE

Now we will prove that in tetrahedron VABC with VA L VB 1. VC 1 VA the orthogonal
projection of point V on the plane (ABC), H , is the orthocenter of the triangle ABC and the
validity of the statements 8.9.10. from the Table 1:(FIG. 2.)

AzVAB = AAHAB : AAABC( for 8-) (4)
AiVCD = AACAD : AAHBC ( for 9') (5)
AzABC = AzVAB + AZVBC + AZVCA (for 10-) (6)

3

Let VH 1 (ABC). We will prove H is the orthocenter of the triangle ABC. First we will
prove that CH | AB. FromVC LVBand VC L VA= VC 1L (VAB) > AB = VC 1 AB.

From VH 1 (ABC)> AB=VH 1 AB

From VC L AB and VH 1 AB—= AB L (V/CH)> CH = AB L CH
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Similarity it can demonstrated that BH | AC and then H is the orthocenter of the
triangle ABC'.

Now we will prove that the validity of the statement 8. fromthe Table 1 .

, AB-VDY AB-HD AB-CD
From 4,,,, = AHAB = T~ o Aaasc :T
Using Cathetus Theorem in AVCD: VD? = HD - CD we have:

AB-VDY  AB-HD AB-CD
AiVAB = AAHAB : AAABC Nnd ( j = : Nnd

2 2 2
- AB?-VD?>  AB’-(HD-CD)
4 4

It will prove the validity of statement 9. From the Table 1:
From (4) Cathetus Theorem in the right triangle AVCD: CV* =CD-CH and
VD* = AD - BD ( The right triangle altitude theorem in the right triangle AVAB)

2
CV -VvD CD-AD CH -BD
AZVCD = AACAD : AAHBC = ( j = ) =

2 2 2

- (CV-VDT _(cp-cH)-(4D-BD) _ (CV-VD)Z _cr’yp?
2 2 2 4

Finally it will prove the validity of statement 10. from the Table 1:
A A}

2 2
From A5 = Ayuap - Asase » Arvse =4 avac = Aprap - Aasse

2 2 2 _
Then A,y + Ayype + Aaves = Anras * Anase + Asmse " Aaase + Ansac * Anase =

AAABC : (AAHAB + AAHBC + AAHAC): AiABC‘

AHBC " “1AABC >

CONCLUSIONS

The few analogies studied in this work open the way to the comparative study
between plane geometry concepts and the concepts of the space geometry. Therefore, the
knowledge of the plane geometry is not just an adjunct to the geometry of space, but also
a rich source of inspiration and analogies.
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