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Abstract: In the present paper starting from the notions of: almost symplectic structure and
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1. INTRODUCTION

The notion of Hamilton space was introduced by R. Miron in [6]— [81 . The Hamilton
spaces appear as dual via Legendre transformation, of the Lagrange spaces.

The differential geometry of the second order cotangent bundle was introduced and
studied by R. Miron in [12] , R. Miron, D. Hrimiuc H. Shimada V.S. Sabau in [11],
Gh.Atanasiu and M. Tarnoveanu in [1], etc.

The differential geometry of the & —cotangent bundle was introduced and studied by
R. Miron [10], [12].

In the present section we keep the general setting from R. Miron [12], and
subsequently we recall only some needed notions. For more details see [12]

Let M be areal n—dimensional C” —manifold and let (T*kM,ﬂ*k,M)

(k>2,k e N) be the k — cotangent bundle, where the total space is:
T"M =T""'"MxT"M. (1)

Let (xi,y(l)i,...,y(k‘l)i,pi),(i =1,2,..,n), be the local coordinates of a point
u= (x, y(l),...,y("‘l),p)e T**M in a local chart on 7" M.

We denote by:

T™M=T"M — {0} where 0 : M — T**M is the null section of the projection z"*.

A change of local coordinates on the manifold 7"*M is given by:
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X' ZEi(xl,...,x"),det ai #0,
axf
O
y(l) - @y(l)j ,
2
.......... e e e
(k_l) = J y ! + +(k_1)8y(k_2)j Yy ]9
pl af)?l pj’

We denote with N a nonlinear connection on the manifold 7 M ,(k >2,keN ), with
the coefficients:

N/ i(x, y(l),...,y(k_l),p), 3)

(Nj i(xay(l)r“’y(k_l)’p)’.“’(k—l)

(1)

N; (x, y(l),...,y(k’l),p)), (i,j = 1,2,...,n).

The tangent space of T°“M in the point u € T*M is given by the direct sum of
vector spaces:

T\T*M)=N, ®N, ®..®N,, ®V, , ®W, Nuel™*M “4)
u 0,u Lu k—2.u k—1,u ku

A local adapted basis to the direct decomposition (4) is given by:

o O o o | .
{g, @;(Uf yeees @/(k—l)i ,g}, (l = 1,2,...,1’1), (5)
il:il_N.fi a(l)j_ _le (?,1)/-+N,i 0 ’
&' ox' () "oy (k1) = oy p;
o 0 .0 0
@,(l)z - W_{XJ i ay(Z)/ B _(k_z)j i ay(kfl)J ’
AL TR (6)
s
5)}(1(71)1' - ay(k—l)z >
o ._9
5pi apl

and its dual basis {&', ", """, dp,} determined by N and by the distribution W, .
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2. CONFORMAL ALMOST SYMPLECTIC STRUCTURE

Let D be an N —linear connection on 7**M, with the local coefficients in the
adapted basis (5):

DI(N)= (H" _,,,,g)i G .fh} (a=1,.,k-1) (7)

D determines the A—, wi—, wa—,...,wy; covariant derivatives in the tensor algebra of d-
tensor fields.

We consider on 7“M , (k>2,k e N), an almost symplectic structure A given only
by a nonsingular and skewsymmetric d-tensor field a;;, of the type (0, 2) :

A(xi’y(l)i’.”’y(kfl)i,p[): %ay (xi’y(l)i’m’y(k—l)i’pi )dxi Adx! +
+a, (xi,y(l)i,...,y(k_l)i,p[ )dy(”i Ady™ +1a, (xi,y(l)i,...,y(k_l)i,pi )Spi AD,, )
(i,j=12,..,n)

The contravariant tensor field a” is obtained from the equations:

a,a’ = 6!

Definition 1 An N—linear connection D is called almost symplectic if:

(a)

a’,=0,a; | ,=0,a""=0,(a=1,.,k-1). 9)
We associate to the lift A the operators of Obata’s type given by:

o) =L 607 - a,0. 9% =L @07 a0 1o

Let A2(7~“ "M ) be the set of all skewsymmetric d-tensor fields, of the type (0,2) on
T*M k>2keN.Asis easily shown, the relations for a,,b, € 4, ( T*M ) defined by:

i

_ o #k
(a; =b,) = (DA, y,...y" ", pye F(T™ M),

O ) (11)
1y (6, y 40, py = 200 VPN (0 0y )

is an equivalence relation on A, (T M.
Definition 2 The equivalent class A of A, (YN" “M )/ =~ to which A belongs, is called

. «k
conformal almost symplectic structure on 7 M .
Thus:

~ - _ 2D, kD -
A = {A, | al’]('x,y(l)Q"'9y(k 1)’p) - e ™ ’ ’y ’p)al/(x’ y(])i"'ﬂy(k 1),p)7

o) (k1) ok (12)
Ax, v,y p)e F(T M)}.
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3. GENERAL CONFORMAL ALMOST SYMPLECTIC N-LINEAR
CONNECTIONS

Definition 3 An N-linear connection, D, with local coefficients: DI'(N) =

= (H’jh,(C)i jh,C,.th, (x=1,....,k—1), is called general conformal almost symplectic

N-linear connection with respect to A if:

(@) .
_ _ h__ h
Ay = Ky ay |, _(Q) g @ 1 =0y (13)

a

)
where |, | , and ", denote the h—,v,— and w, — covariant derivatives with respect
. . o
toDand K;,,0 .0, " are arbitrary tensor fields on 7° M of the types (0,3), (0,3) and
i & i X

(2,1) respectively, with the properties:

K;‘/’h :Kj,-h,(g) iih = (Q) jihaQ;jh = .jiha (a = 1,...,k—1). (14)

Definition 4 An N-linear connection, D, with local coefficients: DI'(N) =
= (H’jh,(C)i jh,Cith, (ax=1,...,k—-1), for whah there exsts the 1-form w,

o=odd+o " +..+ o " +d&'dp,, such that:
) (k=1)

@
T WOy,

a,, =2w,8,, a
ijlh h&ij (@) (15)

i

h_~:h
a;|'=2d"a,,

where ‘h,(T) ,and |', denote the h—,v,— and w, — covariant derivatives with respect
to D, (¢ =1,...,k—1) is called conformal almost symplectic N-linear connection, with
respect to the conformal almost symplectic d-structure A, corresponding to the 1-form @
and it is denoted by: DI'(N, ).

We shall determine the set of all general conformal almost symplectic N-linear
connections, with respect to A.

Let BF(N):(]_;[jh,C

O.
i
(@)

0
P ,Cijh] (x=1,....k—1) be the local coefficients of a fixed

0 .
N - linear connection D, where (N’ (x,y",..y*", p),N ; (x,y",..,y* 7", p)),
(@) ‘
(x=1,...k-1),(, j =1,2,...,n) are the local coefficients of the nonlinear connection N .

118



Review of the Air Force Academy No 2 (32) 2016

Then any N-linear connection, D, with the local coefficients

DI(N)=|H'u,C’ ,C/ |(a=1,...,k—1), can be expressed in the form [ 13]:
(@)

H =H-B,
(C_)‘é, (C) Ry,( a=1,.k-1),(k>2,keN), (16)
C'=c’-D/.

Using the relations (13), (16) and the Theorem 1 given by R.Miron in ([5]) for the
case of Finsler connections we obtain:

0 0
Theorem 2 Let D be a given N -linear connection, with local coefficients DI'(N)

0 0
(H’,h ' ,.C J (a=1,...,k—1). The set of all general conformal almost symplectic

N-linear connections, with respect to A, corresponding to the same nonlinear connection

N, with local coefficients DI'(N) = (Hijh,(C; e th (ax=1,....,k—1) is given by:

0
i i 1 im n
Hjh:H jh+§a (a 0 mjh)+Q rh>
mj|
/ (a)
i Oi 1 im 0 ir s
g) Jjh = g) jh+5a (amj ’ h_(g) mjh)+Qsj 3;) rh> (a = 15"'5k_1)9 (17)
A o1 . 0
Cijh = Cijh+5amj (amj |h_th )+Q”Z Yh

(l())t) o

Where Oh’ | ,,and |" denote the h—,v,— and w, — covariant derivatives with
|

respect to D X,Y"  ,Z7 are arbitrary d-tensor fields and K, h,Q yh’Qz/

jho jho
(@)
arbitrary d-tensor fields of the types (0,3), (0,3) and (2,1) respectively, w1th the properties

K=K Q =0 0" =0, (@=1,..k-1).

Particular cases:

1. If we take K, = Zw,lay,Q g =20, a,, (@=1,.,k=1), Ql.]. "= 2&')"% in Theorem
(@) A

2, we obtain:

Theorem 3 Let D be a given N -linear connection, with local coefficients
0

DI(N)= {H,h c ,.C J(a—1 J—1).
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The set of all con brmal almost symplectic N-linear connections with respect to A,
corresponding to the 1-form @, with local coefficients DI'(N,w)=

=(Hijh,((j)i jh,Cijh}(a=1,...,k—l) is given by:

0
i i 1 im ir K
H',=H jh+5a (a ; -2w,a,,)+Q X",
y (@)

i 0[ 1 im 0 . ir s
() Jjh :((j) jh+5a (amj | /1_260}1 amj)+QSj(Y) rlﬂ(a:l""’k_l)a (18)
a a (@) a

0 0

c'=c’+ %amj (a, "-26"a,)+Q7Z " (i, j,h=12,..n),

(t())t) 0
where 0 | ,,and |"
|

denote the h—,v,— and w, — covariant derivatives with

respect to D, X' .Y' . Z’ are arbitrary d-tensor fields, (a=1,....k-1),

Jh ,(a) Jjh?

o=wdd+o " +..+ o " +d'dp,, is an arbitrary 1-form and Q is the operator

M (k1)
of Obata's type given by (10).
2.1f X', = )i »=2""=0, in Theorem 2 we have:

0 0
Theorem 4 Let D be a given N -linear connection, with local coefficients DI'(N)
0 0 0
:(H[jha((j[ i ,C[JhJ (x=1,...k—1). Then the following N-linear conection K, with
a) -
local coefficients KF(N)=(Hi.iha(§)i jh,Cijhj,(a =1,..,k—1), given by (19) is general

conformal almost symplectic with respect to A:

. 0 1 .
H', =H p+—a"(a , —K,,),
2 milh
(a)
. 0

0
i i 1 im
c ,=C h+5a (a,, |h—(% wi)» (@ =1L k—=1), (19)

a) M@ =

—_

0

0
APy S Aok
Ciﬂ _Ci/ +Eam](ami| _Qmi )a

(g) o

where 0, | ,,and |" denote the ~—, v, — and w, — covariant derivatives with respect
|

0 .
to D, and Kz.l.h,(Q) i Oy " are arbitrary d-tensor fields of the types (0,3), (0,3) and (2,1)

ji

respectively, with the properties: X, =K ,,0 , =0 ,,.0," =0,". (@=1,...,k-1).
‘ Toe) T (ae) ‘
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3. If we take a general conformal almost symplectic N-linear connection with respect
0

to A as D , in Theorem 2 we have:
0
Theorem 5 Let D be on 7" M a fixed general conformal almost symplectic N-

linear  connection with respect to A4, with the local coefficients
0 0 0 0

DF(N):(H’jh,((j’ i ,Ci’hj (ax=1,..., k—1). The set of all general conHrmal almost
a) -

symplectic N-linear connections, with respect to A, with local coefficients

DIO(N)=|H's,C" ,,C/" | (a=1,....k—1) is given by:
(a) Jh i

0
i _ i ir K
H, =H +Q'X",,
0
i i ir
((aj) 5w =Gty

(Y)S as(@=1,.,k=1), (20)

0
Jjh — Jjh jr 7 sh
clh=CyQiz

where X' .Y )i

o i Z," are arbitrary d-tensor fields, (& =1,...,k—1).

4. If K, Z(Q) i ZQ'V. "=0,(a¢=1,..,k—1) in Theorem 2 we obtain the set of all

a

almost symplectic N-linear connection in the case when the nonlinear connection is fixed:
0 0
Theorem 6 Let D be a given N -linear connection, with local coefficients DI'(N) =

0 0 0
:(H[jh,(ci _jh,C,-th (x=1,..,k—1). The set of all almost symplectic N-linear

connections, with respect to A4, corresponding to the same nonlinear connection N, with

local coefficients DI'(N) = (H’[,h , (c)“ jh,c/hj, (a=1,....k—1) is given by:

0 1

i _ i im ir s
Hjh =H jh+5a a (l) +Qstrh9
mj
(a)
0_ ) 0

,=C . +—a"a,
(@) Jjh (@) Jh 2 mj | h

i +QF ({)s g (@=1,.,k=1), 1)

0 0
Jjh — jh 1 mj h jr 7z sh
C"=C, +Ea a,|'+QZ>,

(a)
0 0
where 0, | ,,and \h denote the h—,v,— and w, — covariant derivatives with

respectto D, X', Y' . Z /" are arbitrary d-tensor fields.

" (a)
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Theorem 7 The mappings DI'(N)— DI(N) determined by (20), together with the
composition of these mappings is an abelian group.
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