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Abstract: In this paper we consider not only the classical weakly stationarity of time series
(same expectation, same variance and same correlations). We also aim to consider the strict
stationarity of a time series. Therefore, each observation X; from the time series Xj,..., X, has the
same cumulative distribution function.

We consider that the common cdf F is the common marginal distribution of Xj,..., X,, and the
dependence is expressed by a copula C of order n. An Archimedean copula is used, and the
parameters (of the marginal cdf and the copula parameter ) are estimated using the maximum
likelihood method.
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1. INTRODUCTION

The definition of the term “copula” can be easily found in literature [2,15,10]. For
time series, we use the theorem of Sklar, which establishes that every multivariate

cumulative distribution function H (in our case the multivariate cdf of (Xl,..., Xn)) can
be written

H (%, %, ) =C(F (%), Fy (X)), (1)
where F; is the marginal distribution of X;.
For the copula C we use in this paper Archimedean copula, for which it is proved

[2,8,11] that there exists ¢:[0,1] — R decreasing and convex with ¢(1)=0 having the
pseudo-inverse g (g(y)=x if x exists in such a way that ¢(x)=y, otherwise g(y)=0)
so that

C(ul,...,un)zg(égb(ui )j 2)

For the Clayton copula, we have

y) = vt
#u)=*5 L, Withe>0. 3)
g(x)=(0-x+1)"

For the Frank family of copulas we have [2,15]

$(u)= |n<11:eL:)
9(x)

. with 0 eR. 4)

—%In(gxe‘X +1), where y =e % —1
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For the Gumbel-Hougaard copula we have [10,11]

=(=Inu)’
#u)=( Pu),whh921. (5)
g(x)=e

For the Gumbel-Barnet copula we have [15,11]

¢(U) _ In(l—glnu)

()=
For the Ali-Mikhail-Haq copula we have [15,2]
{¢(U)=ﬁ-'n(9+¥)

9(x)=75

, with0< @ <1. (6)

. with —1< <1, 7)

The Frank, Gumbel-Hougaard and Ali-Mikhail-Hag copulas contain the product
copula (independence case) for =0, 6 =1, 6 =0, respectively. For the other copula
families (Clayton and Gumbel-Barnett), the product copula is in both cases the limit case
0—0.

Some copulas have been simulated in [15], and methods for simulating random
variables and Monte Carlo methods can be found in [14].

When we consider the Gaussian time series, we test the weak stationarity using the
Dickey-Fuller unit root test [7], and we stationarize the time series. Next, we find the
ARMA model using the Box-Jenkins methodology [4,9,12]. If after we have found the
ARMA model we have non-significant autocorrelations and partial autocorrelations, it
means that in the Gaussian approach the model is correct. But, if we apply the BDS
(Brock, Deckert and Skheinkman) test [3] and we obtain that the errors are not mutually
independent and with the same distribution, and in the Gaussian approach the model is
correct, it means that we must use a non-Gaussian approach. This test is as follows. First,
we compute the probability

aw::kax““”xHFJ—(xp_”XHFQH<8) 8)
for a given & empirically, where the above norm is the infinite norm (the maximum
absolute value). If the values are independent with the same distribution, we have

Pk;g = H.kg ) (8')
Therefore we compute
P —Pf
Z,, =k T (8"
Gk;g

where o, is the variance of the above numerator. The computation of o, is presented
in [3], where it is mentioned that Zy. is asymptotically normal. Therefore, we have to
compare these values to the cuantiles of the standard normal distribution, for k =2,k . .

2. THE MODEL

In order to apply the copula for strict stationary time series, we first have to take into
account that strict stationarity yields to the same cdf for X;. Therefore, in (1) we have

F. =F (the same marginal cdf). The copula C models the dependence between the time

series values at different moments. We call this copula autocopula, by analogy to the
classical use of autocorrelations for classical ARMA models.
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For estimating the parameters of the model, we take into account [15,2] that the
multivariate pdf h(x,,...,x,) =524

(X %,) = ‘ (So(F(x ‘H\cff DT (%), ©)

where fi are the marginal pdfs.
Denote now by o the vector of parameters for the common marginal distribution

having the cdf F, and by \?/O:fl f.(x;a) the likelihood in the independence case (when
i=1

X1,..., Xp are independent identical distributed, with the pdf f and cdf F). In the time series
case, the above common pdf h is in fact the likelihood V, which must have a maximal
value of 5 (we apply the maximum likelihood method). By computation, we obtain

InV = ( (z¢( (Xi;a)))

For solving the system of equations given by derivative on a components (o can be
multiple, as in the normal case, when we have two parameters — the expectation and the

variance), 2% =0 and the derivative on 6, 26~ =0, we try to express first the log-

likelihood, because it is possible to separate o and 6. For instance, in the case of Clayton
family we obtain

j+z in(~¢/(F (X,;@)))+ IV (10)

InV = gln(i-9+1)—(%+n)ln(%FQ(Xi;a)—n+1j—(6+1)(%ln F (Xi;a)jJrln\?ﬁ. (11)

We notice that the last term, In\ does not depend on 8, the first sum does not depend

on a, and the sum of logarithms multiplied by &+1 does not depend on 6. These make
the computations easier, and we obtain for 6 >0

zF P(X;a) L (Xiia)

L E(Xia) | e
0+1)> = +2
glF ?(X;30)-n+1 ( )E; F(Xiia)

2nv. —(n9+1)

n-1 9@ F0(X;;a)InF(X; ;a)}{ér”(x, ;rz)—n+1j|n[éF"7(X, ;a)—n+l]

=S nZF (Xia)nF (Xia)- S (X, + 5

HZ[iF’”(Xi;a)—nﬂ]

i=l

(12)
For the limit case, & — 0 we obtain, using I'HOpital
oy __ oln\b
N
n 2 n T
ng(Xi;a)] Z|n2F(Xi;a) ) (12)

=1

v — 2 4 (n-— 1)(ZInF(X,,a)) ( 3

We can also prove that the Hessian is in the general case € = 0
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A A PLERE Y RS NEY I 0oL ey LA
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(5rea)5rea j]—<9+1>(g - ]+
n[_%lﬁ’e—nJrlj—(nHJrl)(iF,"gInF] n n oo (13)
v _ _\= = (ZF Hlapj_nng+1 (ZF HloF) 3" Fac
0bba [é':fﬁ*”*l] oan EIF(”—ml i=1 Oa i=1
2V _ o _ 6755(So—N+1)+2685(Sp—n+1)-6°5] +2(Sp—n+1)In(Sp—n+1)
G = THNS, PR
, Where
n
S, =XF’(X;;a,0
o= 2F(X,0)
n1
— 1
1_-Zi(i6»+1)2 '
(13)
¢
= X, a,0)In* F(X,;a,0
=3 F (X 0)In" F (X,6)
n
:Z “(X;;0,0)InF(X;;,0)
&% InVh

In the independence case, & =0, in the first equation, all the terms except

Oa 0oy
vanish, and we can say the same about the right side of the second equation:
0% Inv

lim =0. In the case of the Clayton copula, the Hessian is negatively defined. For
6—0 8ak5¢9
this reason, the non-linear system
olnVv. _
6ak - O
alnV (14)
7 =0

is solved by means of the Newton-Raphson method, solving the involved linear system
having the matrix of this system the Hessian (the Jacobean in the general case of non-
linear systems) and the right sides given by the actual values of the left sides in (14) with
the inverse sign by the Cholesky method. Before applying the Cholesky method, we
multiply first the linear system by (-1) in order to obtain a positively defined matrix of the
linear system.

3. APPLICATIONS

Consider the ROBOR rate between January 1, 2017 and April 3, 2018 (313 data
points, observed daily, five days/ week).

First, we apply the classical Box-Jenkins approach. If we apply the Dickey-Fuller test,
model 111, we obtain the coefficients for B, ® and y 0.00545, -0.00635 and 5.92-107,
with the Student statistics 1.4531, -1.64969, respectively 2.5674. The time series is not
stationary. After removing the moving average [9] of order gq=2, we obtain the new
coefficients for B, ® and y -0.08792, -0.88554 and 0.000494, with the Student statistics -
0.08976, -15.6655, respectively 0.091049. In fact, due to small values, the residues after
removing the moving average is multiplied by the constant number 1000.
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The SARMA stationary model is
X, =0.55063X, , —0.33823X, , —0.2505X, , +a,+0.5a, ,
The maximum correlation in absolute value for the white noise a; among the first 36 is
s =0.181, and the maximum partial correlation is p,, =0.159. For the first ten, the

maximum autocorrelation and partial autocorrelation in absolute value are for lag 7: -
0.081 and -0.073. This means that we have obtained the correct Gaussian model.

But, if we apply to the obtained white noise the BDS (Brock, Deckert and Sheinkman)
test, we obtain the Z statistics for maximum dimension 6 and ¢ =0.7 between 5.8352
(dimension=2) and 9.23336 (dimension=6). Therefore, we reject the null hypothesis of
independence and same distribution, with the 1% threshold.

In the non-Gaussian case we first apply the Mann-Kendal test for initial data, and we
obtain the statistics Z =17.19643, which means that ROBOR data follows an increasing
trend. After that, we apply the same linear transformations as in the Gaussian case, the Z
statistics of Mann-Kendall test becomes Z =-0.31851, which means a non-significant
decreasing trend (in fact we accept the null hypothesis of lack of trend).

Consider now the Clayton copula and the exponential marginal distribution. We
obtain the following results, after 10 iterations using Newton-Raphson method.

Table 1. Results if we use the Clayton copula and the exponential marginal distribution

Value Initial Final
A 0.0101 0.0206
0 0 10.33141
InV -1751.25231 -89.08146
olnVv
1 0 0.00927
oInv _124723.4167 -0.03483
00
o —3067317.013 0 —173360.23 - 20655.083
eestan 0 ~10172519.95 _20655.083 —4959.455

CONCLUSIONS

In [5] we have presented a heavy tail smooth for non-stationary long memory time
series. In this paper, we use auto-copula for stationary long memory time series: an
Archimedean copula is the same dependence between X, and X,.;, and between X, and X;.

Before applying a model for a stationary time series, we have to test first the
stationarity. In the Gaussian case, we apply the Dickey-Fuller unit root test, as we have
mentioned before. But in the non-Gaussian case of our paper, we have to use other tests.
For instance, we apply the Mann-Kendall test for lack of trend, used in [13] for
discharges of Danube River. After we have found an increasing trend for the initial data,
we have made the same transformations as in the Gaussian case to obtain stationary time
series. Nevertheless, the Mann-Kendall test confirms the stationary of the transformed
time series. An open problem is to check other transformations for non-normal
distributions, for instance the ratio in exponential case. Such transformation avoids
negative values, and we do not need to subtract the minimum value for obtaining positive
values of last time series.

Another open problem is to solve the non-linear system (14) for other types of copula
for which we can not separate the parameter 6 from the marginal parameters, as in the
Clayton case.
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For instance, we can use the recurrence formulae obtained in [6] for the Frank copula,
Gumbel-Hougaard copula, Gumbel-Barnet copula and Ali-Mikhail-Haqg copula. For this,
we need an analogue recurrence formula, but for mixed derivatives including u, and 6.

In the exponential case discussed in our paper, the non-linear system (14) has two
variables: A and 6. Therefore, another open problem is to consider other marginal
distributions as well. The difficulty is not the number of variables, but the computation of
the involved marginal cdf in (10) - (13), (12" and (13)).
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