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Abstract: In the economical domain we often analyze the influence of several causal variables on a
resulting variable, using a pattern of multiple linear regression. Among the independent factorial
variables taken initially into account in the study, we can deduce throughout the process that a part of
them have an insignificant statistic influence on the effect variable. The article presents a method of
eliminating insignificant variables and determining the best pattern of multiple linear regression.
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1. INTRODUCTION

The connection between two or among
several factorial variables and a resulting
variable is called multiple connection,
therefore the choice of the factorial variables
is very important so that the variation of the
resulting variable should be real. Factorial
variables exert a greater or smaller influence
on the resulting variable, consequently some
of the factorial variables are more important
and must be taken into account in the study
which is made, while for other variables it is
proven that they are not so important for the
study of the resulting variable variation and
must be eliminated. Factorial or causal
variables are ordered according to the
importance of their actions on the effect
phenomenon and one looks for a regression
equation which is the best.

A best pattern of regression can be
obtained by the retrograde elimination
method, which consists of the successive
elimination of the factorial variables taken
initially into the multiple regression equation
until the pattern becomes the best, carefully
observing to statistically verify the
emergence criterion.
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2. STATISTICAL HYPOTHESIS USED
FOR THE CHOICE OF VARIABLES
WHICH ARE ELIMINATED FROM

THE PATTERN

We take the dependent variable Y and k
the independent variabiles; there are
Xy, X5,...,X connected by a multiple

regression equation :
Y :ao +a1X1 +...+aj_1Xj_1 '|'a,JXJ +
+aj+1Xj+1 +aj+1Xj+1 +...+aka +€
where the coefficients’ matrix of the pattern

is a' = (ao a...a; ...ak) and the matrix of the

parameter estimators of the pattern is

al = (éo a..a;...a ), estimators obtained

through the smaller quadrants method.

We assume that the estimators obtained
are unbiased , having a minimal variance and
following the normal law.

Variable X is normal N(m,c?) when

X —-m

the standardized variable Z = follows

c
the reduced normal law N(0,1).

The main diagonal of the covariance
matrix of the vector a is formed by the
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estimators variances, the matrix expression
being:
V=c2(XT-X)!

where 7!

=c2-571,

a2 .
= (Sij)(k+1)x(k+1) therefore:
(52 '§121), q € N(é.l,(?z '§§2),...,

dg € N(é.k,Gz

ao eN (éo,
a2

“S(k+1),(k+1) J-

is unknown then the variables:

aj —éj .
z;-—1 1 j-0k (M
G [ST+1, j+1
Follow the reduced normal law N(0,1).

As o is unknown this is replaced by
the unbiased estimator:

2 n
s Z: :

n is the number of observations, from which
we obtain:

If 02

n

(907 =(n—k-1)-s @)

The wvalues of the residual wvariable
g =Yi—Vi, Vi=Ln are normally
distributed, that is ¢ € N(O,Gz),Vi=1,_n
which leads to the conclusion that
£ e N(0,),Vi=1,n and
c

1&, 1 & 5

_228i :_22( ¥i)™ =Xn-k-1

G =1 O =1
From which we obtain:

n

2 2 2

2 (i =06" " Yn—k-1 (3)

i=1

From (2) and (3) we obtain:

2

2 9 2

Sy =—————— Y 4

¢ T _Kk_1 An—k-1 4)

We calculate the estimator average S
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2
M(s:)=M
( ) (n K IXn k—lJ
2
c 2
k-1 (Xn—k—l)
2
o 2
-(n—-k-1)=
n—k—l( )=o

That is the estimator S id unbiased.

The variables tj =
Xn k-1
n—k-1
follow the law Student with n—k —1
degrees of freedom, therefore using the
relations (1) and (4) we obtain:
a —a a —a

\/ j+1 j+1

—k—l G

j+1 j+1

>

QJ
T
&}

j+1 j+1
For a determined value djo and statistical

¢ __3j—dj .
j,calculat — f we set the
Se '\/Sj+1,j+1
hypothesis:

(0).4. _A4
HO .aj—ajo

(). 4 A
Hl .aj ¢aj0

And if ‘t j,calculat| > t1 o | then we reject
2 _7.n_ _

the hypothesis H (()j) and accept the

hypothesis Hl(j),Vj =0,k .

For djo=0 we obtain
t % i B
j>calculat = 2 = » V] =0,K,

& S(aj
Ss'\/sj+l,j+l ( J)

these are distributed with  Student with
n—k—1 degrees of freedom, the statistical
hypotheses being:

H(J) =0
(J) .
H1 .aJ¢O

Vj =0,k
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And for ‘tj,calculat‘ > tl—g'n—k—l we reject And if I:Xr,calculat <Fg;,n-k-1 then we
0 2 accept the hypothesis H(gr) therefore the
; J . . . .
the hypothesis Hy™. factorial variable X, is eliminated from the
The distribution pattern, we write the new fitting equation
Fol.n—k-1 without X, and we obtain a partial best
is the distribution of the statistics regression pattern or, if
2
as . ‘t <t
(t j,calculat)z == ] vj=0k and for rcaleulat 1-%in-k-1
s“(aj)

(tj,calculat)z >Fy.n-k-1 we reject the null

hypothesis Héj) :a;=0.

3. RETROGRADE ELIMINATION
METHOD TO OBTAIN THE BEST
REGRESSION WE DO THE

we accept the hypothesis H(()r) that is

ax =0and we obtain the partial best pattern

of the stage.

3.4. To the pattern obtained at 3.2 we apply
the stages 3.2 and 3.3again until the stage
where the obtained result does not allow the
elimination of other variables and that final
pattern obtained is the best .

FOLLOWING
Example:
3.1. We obtainf/iL,Vi=l,n by the
smaller quadrants method using all the initial
factorial variables X, X»,..., X| . Table 1
3.2. The statistics of the test is: Nr. | x,: CXai | Y 2 2 2
e statistics of the tes 12s o Xi | X0 [ %3 Vi [x% (X3 %3
Fy . cateutat = i cateutat ) = U yjotk | L]0.1]3.25[223]17.2[ 0,01 [10.5625412,09
jpeveniat TR ealedatl T 2 a0 ’ 2 10,22,90[18,6]22,5] 0,04 | 8,41 |345,96
, , ) 300 3 [214/ 18001 [ 9 145796
And we determine min {Fx ; caleutat} 81 [7470,15] 2,8 [23.5[20.4[0.0225] 7.84 |552.25
== - o [ 51033425 [243] 0,09 [ 11,56 | 625
assume that the searched minimal is 10,85 [15,35]108.8]102.4]0,1725 ¥7,3725]2393.26
Fx  calculat ©Of Wwe use the statistics
rocaeta a Yi:a0+a1X1+a2X2+a3X3+a
J

tj, calculat = s(

,V1=Lk and where there Sap +ar 2 Xjj +a 2 Xoj + 832 X3 =2 Yj

P
ap 2o Xjj +a 2 X{j +82 2 X1 Xoj +3 X X1iX3) = 2 X Vi
2
ap > Xoj +a1 2 XijXoj +82 2 X2j + A3 2. X0 Xzj = 2. X Vi
2
ap 2. X3j + a1 2 X1 X3j + 32 2 Xoi X3j + A3 2 X3j = 2 X3iYj

aj)
iS I so that ‘tr Calculat‘ = mln {‘tJ Calculat‘} .
1<j<k

3.3. We set the hypotheses :

(5)
H(()r) :ar =0 Table 1. Follow up
Hl(r):ari() ’ X1i X2i | X1i X3i| X2 X3i| X1i Yi| X2i Yi| X3i Vi |y2
0,325] 2,03 [65,975[1,721 55,9 [349,16/295,84
0,58 | 3,72 153,94 4.4 [65,25] 418,5[506,25
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0,3 [2,14] 642 | 1,8 | 54 |385,2] 324

0,42 |3,525] 65,8 |3,06(57,121479,4 416,16

1,02 | 7,5 | 85 17,29(82,62|607,5 (590,49

2,645 |18,915334,91518,37314,892239,762132,74

S5ay + 0,853, +15,35a, +108,8a; =102,4

0,853, +0,1725a, +2,645a, +18,915a; =18,37
15,358, +2,645a; +47,3725a, +334,9153; =314,89
108,83, +18,915a; +334,915a, +2393,26a; =2239,76

11 1 1 1
01 02 01 01503
325 29 3 28 34

20,3 18,6 21,4 23,5 25
01 325

1
1 02 29
1
1

(6)

XT.X =

20,3
18,6
21,4
23,5
25

01 3
0,15 28
1 03 34

5 085 1535 1088
0,85 0,1725 2,645 18915
15,35 2,645 47,3725 334,915
108,8 18,915 334,915 2393,26

S=XT.X=

1017 307 2176
_ 54017 0,0345 0,529 3,783 | _
3,07 0,529 9,4745 66,983
21,76 3,783 66,983 478,652
=0,535286

detS

51,843741
21,202339
-12,711121
—-0,745634

21,202339
52,152074
—-5,027453
—-0,672514

s =

—12,711121 —0,745634
-5,027453 —0,672514
5,100591  0,096187
—-0,096187 0,053091

2N by
S i : a |_| b
ystem (2) written metrical S - = .

Y b,

a3 b;

to the left with S_1 it becomes:

51,843741 21,202339
a 21,202339 52,152074
a, —12,711121 -5,027453
a —-0,745634 —-0,672514

102,4
18,37
314,89
2239,76

-12,711121 —-0,745634
-5,027453 -0,672514
5,100591  0,096187
—-0,096187 0,053091

From which
ay = 25,6399463

a; =39,78848117
a, =-3,28379714

ay = —0,08423005

Therefore

Y =25,6399463 +39,78848117 X —

—3,28379714 X, —0,08423005 X4
represents the multiple linear regression
pattern obtained after the fitting using all the
factorial variables.

We determine the
ty jcalculat> j=1,2,3 so that:

statistics

a .

J
Ty . =——— where
X Jcalculat S ( J)

S(aj):SS '§j+1,j+19 J =123

2
Sg =

19 e
5_3_12(% §i)” =

5
2
D (Yi—ag —ayXj —ayXo; —a3X3j)” =
1

i=
5

D (i —25,6399463-39,78848117x;; +
i=1

+3,28379714%,; +0,08423005x5; )
= 0,003906

L B
s@) S¢S
3978848117
~J0,003906-52,152074
©39,78848117
©0,451338

ty jcalculat =

=88,1811
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t __ % %
X,calculat s(ay) s, §33
. -328379714
1/0,003906-5,100591
_Z328379714
0,1411485
¢ B T o B
Xjcalculat s(33)  SySu4
B —0,08423005 B
\/0,003906 -0,053091
_—0,08423005 _ 58491
0,01440047

m_in {‘tx jealculat } =
1<j<3
=min{88,1811;23,2648;5,8491} =

= 5’8491 = ‘tXSCalculat

The hypothesis H(g3) :a3 =0 is accepted

if ftx <t

scalculat o

1-7.5-3-1 '
We consider
a=0,05= tl a . = t0’975;1 =12,706

>

and indeed

‘tX3calculat =5,8491<12,706 =t

1-—,5-3-1
2

So we eliminate the 3™ column from the
matrix X and we obtain :

1 0,1 325
102 29
X=(101 3

1015 2,8
103 34
matrixes S=X'-X and B=X"T .Y
1 1 1 1 1

0,1 0,20, 0,15 0,3 |x
32529 3 28 38

then we determine the

S=X"T.X=

1 0,1 3,25
102 29
x{1 01 3 |=
1015 28
1 03 34
5 085 1535
=] 0,85 0,1725 2,645

15,35 2,645 47,3725

1 11 1 1
B=X'"-Y=| 01 0,20, 015 0,3 |x
32529 3 28 38

17,2

225| (1024

x| 18 |=| 1837 |,
20,4 | (314,89

243

The adequate extended matrix is A(S‘B| I3 ),

that is

5 085 1535 1024 100
A= 0,85 01725 2,645 1837 010
15,35 2,645 47,3725 314,89 0 0 1

We apply Gauss method and obtain :
A’(I3‘B"S‘lj -

100 111174,4 188117 53460 63940
4547 4547 4547 4547
B 176036 53460 198400 28400
- 4547 4547 4547 4547
001 15628 63940 28400 22400
4547 4547 4547 4547
1 0 0 24,450055
=101 0 38,714757
001 —-3,436991
41,371674 11,757203 —14,062019

11,757203 43,633165 —6,245876
—14,062019 —6,245876 4,926325

After this stage the partial best regression
pattern is:
Y =24,450055 +38,714757 X; —3,436991X
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and s§=5 12 - 2 (¥ ~24,450055 -
el =1

—38,714757X;; +3,436991x5;)? =

= % -0,138513298 = 0,069256649

The calculated values of the test t are:
38,714757

J0,069256649 -43,633165
| 38,714757

tx jcalculat =

=220 922709
1,738357
t _ ~3,436991 _
Xacalewlat = 10,069256649 - 4,926325
_ 3436991 ooor
0,584107
min{‘txlcalculat > 1:chalculat J =
and )
= ‘tX ,calculat | = 5,8842
For
=001 t o =
2
=9,925 > |ty , cateutar| = 5,8842

resulted which requires the acceptance of the
hypothesis H(gz) :8y =0, therefore we

eliminate from the pattern the variable X,

and the equation of the best regression pattern
after this stage is:
Y =24,450055 +38,714757 X4

for which
2 1
s2 = > (y; —24,450055 —
5-1-15
—38,714757x,;)° =

=186,581866
the adequate extended matrix is:

528

(5 085 1024 1 0
10,85 01725 1837 0 1

~(sleis)e=xT -y

s*):
~ (1 0 14,639286 1232143 - 6,071429}

o1 34357143 — 6,071429 35,714286
And

And A’:(I3C’

38,714757 ~
\J186,581866-35,714286
| 38,714757
81631110

For

a= 0,05 txlcalculat = 0,4743 > tl a 3
_E’

tx jcalculat =

0,4743

=3,482

therefore we reject the hypothesis
H (()1) :a; =0, so the best pattern is
Y =24,450055 +38,714757 X;.
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